Abstract. Finite element modeling is used to study the response of a piezoelectric smart structure for the cabin noise problem. One side of a cubic-shaped cavity is covered with a flat plate on which a disk-shaped piezoelectric actuator and sensor are mounted, and a plane wave noise is impinging on the plate. The sensor signal is returned to the actuator via a negative gain such that it can reduce the noise at a certain zone in the cavity. The finite element method which uses a combination of three-dimensional piezoelectric, flat shell and transition finite elements is adopted to model the piezoelectric smart structure. To take into account the acoustic pressure in the cavity, the modal approach is used and by invoking the orthogonality of the mode shapes in the cavity, the interaction force on the structure caused by the pressure is included in the finite element equations.
Introduction
Cabin noise is an important noise problem, which is related to sound inside the cavity. This noise happens basically due to the vibration of the enclosing structure; however, when the frequency of the noise coincides with resonances of the cavity it results in so-called booming noise. To resolve cabin noise problems, recently, much attention has been paid to smart structures. In such structures, piezoelectric materials are widely used as sensors and actuators, and sensor signals should be returned to actuators through a proper controller.
Modeling of structures with piezoelectric devices is essential in understanding smart structure technology. In modeling piezoelectric smart structures, we should be able to handle the following challenges: different constitutive relations in different regions, material anisotropy, damping of piezoelectric and host materials, coupling of elastic and electric fields, elastodynamic and electrical boundary conditions, electrode surfaces on which the electric potential is a constant and shapes of piezoelectric devices. Thus, different levels of detail must be used in the numerical modeling of these complex structures such that we obtain the necessary accuracy as well as computational economy in modeling piezoelectric smart structures.
In the early stage of piezoelectric smart structures, very simple models like a two dimensional beam have been considered [1, 2] . Based upon classical plate theory, a theory for the plate with piezoelectric lamina has been derived wherein the d 31 electromechanical coefficient is the only source of coupling between the electric and the mechanical fields [3] . An analytical model was derived for the modeling of two dimensional piezoelectric patches bonded to the surface of elastic structures which are used as vibration actuators [4] . In the analytical model, however, it is assumed that the piezoelectric elements do not significantly alter the inertial mass or effective stiffness of the plate and the elements are bonded to both sides of the plate to keep the symmetry of the structure which results in pure bending deformation of the plate. This assumption has some restrictions because it requires the ratio of the thickness of the piezoelectric element to the plate structure to be less than 0.1. In practice, transducers made of PVDF (polyvinylidene fluoride) are thin and large in area, while piezoelectric transducers made of PZT (lead zirconatetitanates) are relatively thicker and smaller. Thus, the above assumption is not applicable to PZT devices. Also, in many applications, it may be possible to bond the piezoelectric devices on to only one side of the plate; in turn, this shifts the neutral surface of the plate, and the assumption of symmetry is violated. Another point is that in a finite actuator device, the normal stress distribution across the thickness does not lead to free-edge conditions whereas equilibrium conditions require the normal stress at the actuator boundary to be zero. Furthermore, this model does not allow any twist moments which are due to the actuation strains in the piezoelectric elements [5] , because pure bending is assumed on the model and requires the plate to be bent to a special surface of curvature. To alleviate the drawback of classical plate theory in modeling plate structures with piezoelectric elements, a hybrid equivalent single layer theory has been developed [6] [7] [8] in the sense that an equivalent single layer theory is used for the mechanical displacement field whereas the scalar potential function, from which the electric field is derived, is modeled using a layerwise approach. However, to reduce the large computational time due to the number of degrees of freedom, it is preferable to use this theory in local regions and the classical plate model which is computationally efficient is employed in global regions.
Many researchers have used the finite element method for designing piezoelectric transducers since the 70s. An advantage of the use of finite element model in piezoelectric elements is that the fields in the material can be precisely described without any assumption such that coupling between elastodynamic and electrical fields in the materials can be taken into account accurately. The standard reference for finite element analysis of piezoelectric structure is the work of Allik and Hughes [9] . Smith and Auld [10] have used finite element methods only for modeling the transducer structure and a separate technique is used for acoustic radiation into the infinite medium. Both Hunt et al [11] and Kagawa and Yamabuchi [12] utilized Kirchhoff's theorem to derive the radiation impedance in the finite element formulation. Some authors have presented a finite element analysis for the fluid-structure interaction problem of a single isotropic and homogeneous body immersed in a fluid [13, 14] . Composite piezoelectric materials, consisting of one-, twoor three-dimensional periodic arrays of piezoelectric ceramic elements in a polymer matrix, have been studied because they can offer good acoustic impedance matching [15, 16] . There are many papers concerning piezoelectric materials applied to their use as ultrasonic transducers; recent interest has been directed towards applications in smart structures. Varadan et al [17] , Chin et al [18] and Kim et al [19] have modeled the sensor and actuator functions in the environment that they will function in, namely, a structure with embedded piezoelectric sensor or actuator subject to fluid loading (water or air) including material damping in the structure and transducer.
For smart structures which are applied to noise and vibration control, the major part of the structure can be modeled by using plate or shell elements. The reason for using plate or shell elements is for computational economy and accuracy. A symmetrical piezoelectric thick shell model is derived for finite element analysis [20] . As piezoelectric active devices, a rectangular shape that is easy to model is used most often. But it is known that circular disk-shaped piezoelectric actuators produce a high bending moment in the radial direction, which has advantage in controlling the vibration of plate structures. Also, when the piezoelectric devices, especially piezoceramics, are thicker than the plate and their shapes are circular disk shaped, a conventional pure bending model or any other kind of model is not relevant. Within the modeling of piezoelectric active devices, it is advantageous to use the finite element method because this method can be used for any structures and anisotropic materials, like piezoelectric media, with very good accuracy. However, it is inevitable to introduce so called transition elements between three-dimensional elements and plate or shell elements to connect them. Thus, Kim et al [21] proposed the finite element method that uses a combination of three-dimensional piezoelectric, flat shell and transition elements. By using the proposed finite element method, the modeling accuracy in piezoelectric devices and efficiency in plate structures can be obtained at the same time. Experimental verification for the method has been done and shows a good agreement [22] .
Cabin noise is an important noise problem. The numerical treatment of coupled elasto-acoustic problems is based on the selection of models describing the structure and the acoustic medium supplemented with appropriate interface conditions. In the coupled fluid and structure system, there are two distinct approaches of finite element formulation: Eulerian and Lagrangian. Eulerian approach uses a single pressure variable in the acoustic fluid [23, 24] . The formulation of the fluid in terms of pressure is the most common. However, if pressure is taken as a nodal variable, governing equations in the fluid and structure are coupled which lead to unsymmetric equations. In the Lagrangian approach, the fluid is expressed in terms of the displacements in the fluid [25, 26] . The major advantage of this approach is that compatibility and equilibrium are automatically satisfied at the interfaces between the fluid and structure elements. However, for inviscid fluid, irrotational constraints should be introduced in the stiffness element of the fluid. By introducing the constraints, unnecessary zero energy modes in the element can be eliminated. When a displacement formulation for the structural model and a pressure formulation for the acoustic model are used, the two-field formulation yields the coupled system of equations. A common technique utilizes a displacement formulation for the structural model and a pressure formulation for the acoustic model in finite element analysis [27] . Based upon the finite element method and boundary element method, commercial packages are widely used for analysing acoustical and elasto-acoustical problems [28] .
Efforts have been devoted to analysing piezoelectric smart structures that radiate noise to semi-infinite space [29] [30] [31] . However, in spite of wide use of commercial packages for cabin noise problems, finite element analysis of piezoelectric smart structures for cabin noise problems has not been enough. Recently, finite element analysis of piezoelectric smart structures for the cabin noise problem has been reported [32, 33] . When a piezoelectric smart structure is used for cabin noise problems, the actuators control the structure so as to reduce the radiated sound fields at a certain region, the so-called silent zone, in the cavity. For the coupling problem of a bounded acoustic cavity with plate structure, it may be easy to use a finite element method to model both the enclosed acoustic medium and the surrounding structure. However, this results in large size of the system equations due to many degrees of freedom. A simple approach for the acoustic cavity is that one can represent the pressure field in the cavity in terms of the mode shapes of the cavity with unknown coefficients, and using orthogonality of the mode shapes, the known coefficients can be found as a function of normal displacements of the structure. In consequence, the pressure fields in the cavity can be condensed out from the finite element equations of the coupled system such that the total degrees of freedom are reduced. The finite element method that uses a combination of 3D piezoelectric, transition and shell elements is adopted for the coupled structure. This approach may be applicable to restricted cabin noise problems because mode shapes of cavity can be found in simple cases. But, by studying such simple cases we can prove the possibility of piezoelectric smart structures as a promising technique for cabin noise problems. Furthermore, once massive numerical simulation is essential for optimal design of such structures, the proposed approach will be beneficial.
In this paper, the finite element formulation for a piezoelectric smart structure in conjunction with an acoustic cavity is presented and the validation of the proposed approach is demonstrated. Figure 1 depicts the example of the cabin noise problem we considered. The acoustic cavity is a cubic shape and one side of the cavity is covered with an aluminum plate on which a circular piezoelectric actuator and sensor are mounted. An acoustic plane wave is impinging on the plate and the distribution of the acoustic loading on the plate is converted into equivalent nodal forces on the structure. The structural response is computed under the acoustic loading and the closed loop of the sensor and actuator, by solving the finite element equations. The pressure fields in the cavity are then recovered using the modal representation.
Finite element formulation
The entire procedure of the finite element formulation concerned with cabin noise problems is reviewed here. This includes special treatments for piezoelectric materials, plate and transition elements and the modal approach for pressure fields in the cavity.
Formulation for piezoelectric elements and solid structures
Piezoelectric materials are anisotropic and the quasi-static electric field is coupled to the dynamic mechanical motion. Specifically, the constitutive equation of elasticity is coupled to the dielectric constitutive equation by means of the piezoelectric coupling factor. The constitutive equations in the e-type can be written as [34] 
where the superscript T denotes a matrix transpose, T is a stress tensor, S is a strain tensor, D is the electric displacement, E is electric field, C E is the elastic stiffness tensor evaluated at constant E field, h is the piezoelectric coupling constant and b S is the dielectric constant at constant strain. The electrical field E is related to the electrical potential φ by E = −∇φ.
is the displacements in the solid and piezoelectric medium.
Invoking Hamilton's principle, we construct the integral equation for the structure and piezoelectric material region
where the kinetic energy is
the elastic and dielectric energy is
B E is a term that shows the work done by the external force F and electric charge Q,
Similarly, the work done by the acoustic pressure p is
where is the interface boundary between acoustic fluid and structure. B s has a negative sign because it resists the motion impressed by the external load.
Pressure fields in the acoustic cavity
When a volume of acoustic fluid is bounded by a flexible structure, the fluid on the surface of the structure influences the motion of the structure and the normal acceleration of the structure influences the fluid field. In fact, such a closed elastic system does possess orthogonal mode shapes and associated natural frequencies, but they are different from those of the uncoupled fluid and structural systems. However, it is usual to employ an approximation to neglect the mutual fluid loading terms. Then, one can represent the pressure field in the acoustic cavity in terms of summation of the mode shapes of the cavity with rigid boundary conditions. The inhomogeneous Helmholtz equation can be written for pressure as [27]
where q represents the distribution of source volume velocity which comes from the vibration of the structure. When u n is the normal structural displacement, q can be expressed as
Hence
The acoustic pressure can be expressed as a sum of the acoustic mode shapes of the cavity (11) is represented in terms of the normal displacements of the structure and can be substituted into (7) . By taking the first variation in J S in (3) with respect to independent variables u and φ, and integrating by parts the first term,
The independent variables are approximated by a combination of polynomial interpolation functions N and nodal values as coefficients. Thus,
where u is the displacement in the solid, φ is the electric potential in the piezoelectric medium and u n is the normal displacement on the structure. The normal displacement coincides with the displacement u at the interface boundary, but for ease of numerical computation, they are distinguished. N, N φ , N are the interpolation functions for the variables of u, φ and u n , respectively. The 'ˆ' sign indicates nodal point values. The relationship between strain and displacement is S = B uû (17) and the electric field is related to the electrical potential by
where B u and B φ are derivative matrices for strain and electric field respectively. By using (16), the unknown coefficient for pressure p can be written as
By plugging (11) and (16)- (19) into (15), the following results can be obtained.
where the mass matrix is
the stiffness matrix in the solid is
the piezoelectric coupling matrix is
the dielectric stiffness matrix is
and the coupling matrix between the structure and the acoustic fluid is If we assume that this is the time harmonic case the time dependence is eliminated, hence, (20) can be written as
where U is the displacement, Φ is the electrical potential, F is the point force on the structure and Q is the point charge on any node of the piezoelectric element. For convenience, the 'ˆ' sign is omitted. The stiffness and field variables in (26) are complex values. Thus the stiffness matrices can take into account the material dampings of the structure as well as the piezoelectric devices. Once (26) is solved, the normal displacementû can be found so that the pressure field at any location in the cavity can be determined using (11) and (19) . There is no distinction between piezoelectric and structure media in applying (26) except that the piezoelectric coupling matrix and the dielectric stiffness matrix are zero in the elastic structure. In the plate and transition elements, the displacement U includes translational degrees of freedom (d.o.f.s) as well as rotational d.o.f.s.
The electrical potential is applied across the electrodes of the piezoelectric actuator. When one piezoelectric device is used as a sensor, the sensor signal is directly returned to the actuator to make a closed loop by multiplying a negative gain, −G, as φ actuator = −Gφ sensor . (27) This is so called displacement feedback. The constraint is difficult to implement because φ actuator is a given electric potential while φ sensor is a unknown value. The difficulty was resolved by using an iterative approach [35] . First, after assigning the actuator signal with an initial guess, the system equation (26) is solved. Since the result gives the sensor signal, a new actuator signal can be found by multiplying a negative gain on the sensor signal according to (27) . By iterating the equation solving with the updated actuator signal, the given constraint between sensor and actuator signals can be satisfied. When the time derivative of the sensor signal is returned to the actuator, it can be written as
Since the signal is time harmonic, the time derivative was substituted with jω. This is the velocity feedback scheme. Because the field variables in (26) are complex the constraint can be resolved. 
Shell finite element approximated by many flat-shell elements
In modeling of many structures, plate or shell elements are used for computational economy. Instead of using curvedshell elements, flat-shell elements are used to approximate the curved-shell structure. In a shell, the element will be subjected both to in-plane (membrane) and out-of-plane (bending) deformations, provided the local deformations are small. In local coordinates, the element stiffness matrix for a flat-shell element can be written as [36] 
where K P is the 2n × 2n stiffness matrix for deformation of plane stress, K B is the 3n × 3n stiffness matrix for bending deformation and n is the number of nodes per element. I is a unit n × n matrix. The reason why this unit matrix is introduced is that in-plane deformation in local coordinates has two degrees of freedom and has to be transformed into global coordinates which have three lateral degrees of freedom. In fact, k should be zero in local coordinates but due to the singularity of K, this value is introduced and set to a very small value. The element stiffness matrices of bending and plane stress can be found in [36] and [37] .
The mass matrix for a flat-shell element can be expressed as
where ρ is the mass density and H is a matrix of shape functions. The variables in local coordinates should be transformed into variables in global coordinates.
Transition elements
Transition elements connect three-dimensional solid elements to shell elements (figure 2). Therefore, on some surfaces of transition elements the nodal configuration should be compatible with a solid element, whereas on the other faces the nodal configuration should match with shell elements. The development of transition elements may be difficult because transition elements have to satisfy compatibility not only with the three-dimensional solid element but also with the shell element. From the previous research, transition elements have been developed by using shape functions compatible with the shell and three-dimensional solid elements [21, 38, 39] . Figure 3 represents a higher order transition element that connects the 20-node three-dimensional solid element to the eight-node flat-shell element. Details of the transition element derivation are addressed in [21] . Assuming linearized displacements, the strain vector for the transition element can be expressed similarly to that of a three-dimensional solid element except for the shape functions. A stiffness matrix for the transition element can be written in the same manner as equation (22) and the element mass matrix is similar to (21).
Finite element program
A FORTRAN program has been developed for the piezoelectric smart structures in cabin noise problems. This program can support any combination of four-node plate, eight-node brick, six-node transition, nine-node plate, 20-node solid, 13-node transition and 14-node transition elements. To reduce computation time, the global stiffness matrix is constructed in a symmetrically banded form by arranging each node's d.o.f. in a row. For example, in a three-dimensional problem, an ordinary node has u x , u y , u z , the piezoelectric node has another field-electric potential, u x , u y , u z , φ, and a plate node has u x , u y , u z , θ x , θ y , θ z . The electric field boundary condition requires that the electrode surface is an equipotential one and the summation of the nodal electric charges on it should be zero. This is resolved by overlapping elements in the piezoelectric coupling and dielectric stiffness matrices corresponding to the electric field of nodal points on the electrode when element matrices are assembled. This trick can reduce the bandwidth of the system matrix.
To allow for arbitrariness in the locations and sizes of the piezoelectric sensor and actuator, an automatic mesh generation program is used. This program has been developed from the previous research [31] by moving a mesh template that includes a piezoelectric device. The restriction on this program is that the plate is flat, rectangular in shape, and one or two disk-shaped piezoelectric elements are mounted on one side of the plate. Figure 4 shows the mesh template that includes 20-node piezoelectric, nine-node plate and 13-node transition elements. The material property matrices are considered as complex to take into account material damping.
Numerical results
A cubic acoustic cavity of 305 mm × 305 mm × 305 mm where one side is covered with a square aluminum plate is considered as an example of the cabin noise problem (figure 1). The cavity walls are considered as acoustically hard surfaces. The thickness of the aluminum plate is 0.8 mm and four edges of the plate are clamped on the box. From the outside of the box a constant acoustic pressure with 2 Pa (100 dB) in peak amplitude is impinging on top of the plate. A disk-shaped piezoelectric actuator and sensor which are made of PZT-5 (lead zirconate titanate) are mounted on the plate. The radius and thickness of the piezoelectric actuator and sensor is 10 mm and 1 mm respectively. The x and y First, open loop responses are examined to see the behavior of the pressure distribution in the cavity. Open loop means that the piezoelectric actuator is not activated; in other words, the system is like a passive system. The pressure at the bottom center of the cavity is shown in figure 5 according to the noise frequency. The resonance frequencies of the coupled system are shown to be 92, 287 and 570 Hz. These are comparable with the resonance frequencies of the plate in the absence of the piezoelectric devices and the cavity: 78, 271, 272, 452 and 635 Hz [40] . When the piezoelectric smart structure is coupled with the cavity, the first two structural resonance frequencies are moved up and the first cavity resonance, 570 Hz, appears. The coupling effect induces an added mass term on the structure such that it makes the pressure peaks finite. To verify the result, a comparison is made with SYSNOISE, a commercial FEM/BEM package for elasto-acoustic analysis. The dashed line in figure 5 represents the SYSNOISE result. The difference is that SYSNOISE does not support piezoelectric elements such that the result is found in the absence of the piezoelectric devices. The slight shift of the resonance frequencies at 92 and 287 Hz is due to the stiffening effect of the mounted PZT devices. In the SYSNOISE result, there is a small peak at 460 Hz, in contrast with the corresponding peak at 520 Hz in the FEM result. We surmise that this mode seems to be strongly affected by the mounted PZT devices. From the comparison, the validity of the proposed finite element analysis is proven.
The pressure distributions inside the cavity when the piezoelectric actuator is not activated are shown in figure 6 . The noise frequency is 92 Hz. Figure 6 (a) shows the normal displacements at the bottom of the plate. Figures 6(b) , (c) and (d) depict the pressure distributions at the vertical wall (y = 0), beneath the plate (z = 0) and at the bottom (z = c) of the cavity respectively. The pressure variation is small. The reason is that the plate pushes the air in the cavity like a piston along the z direction.
Similarly, another excitation frequency of the noise, 287 Hz, is examined. Figure 7 shows the normal displacements of the plate and pressure distributions at the wall, top (beneath the plate) and bottom respectively. The pressure level is low but the pressure variation is larger than that of the 92 Hz case. Along the z direction, the pressure level at the cavity bottom is nearly 120 dB, and beneath the plate it is varying from 40 to 120 dB. This is due to the fact that the maximum displacement of the plate is much less than that of the 92 Hz case and the vibration behavior of the plate is more complicated such that the pressure fluctuation happens near the structure. In figure 7(c) , the pressure distribution is not symmetric along the x and y directions because the bonded piezoelectric devices stiffen the plate structure locally. To see the possibility of controlling the pressure fields at a certain zone in the cavity, the PZT sensor signal is returned to the PZT actuator by multiplying a negative gain at 92 Hz, so called displacement feedback. For the silent zone, 13 points in the middle of the cavity are selected and average pressure at these points is calculated. Without any activation, the average pressure is 144 dB. After changing the locations, sizes of the devices and gain, the average pressure is found to be 109 dB, which is a remarkable noise reduction (table 1) . Here, the gain is optimally searched such that the average pressure at the silent zone is minimized. As the performance depends on the size, location and feedback gain, more research is necessary to confirm the usefulness of the smart structures in cabin noise problems. One of the appropriate approaches is to optimize the related parameters to maximize the noise reduction. Figure 8 shows the normal displacements of the plate and pressure distributions inside the cavity when the excitation frequency is 92 Hz with displacement feedback.
It is a well known fact that the velocity feedback results in active damping, thus, the vibration level can be decreased by increasing the gain. However, in displacement feedback, this is not always true. An optimal range of the gain usually exists in each frequency. This is because the displacement feedback can affect the total system energy such that it can change the stifness as well as the damping of the system. This can be easily verified by checking the eigenvalues of the system matrices. In conclusion, the feedback gain for displacement feedback should be optimally determined at each frequency. In the future, the optimal location and size of the piezoelectric devices as well as the collocated/noncollocated position need to be investigated.
Conclusions and remarks
Finite element modeling is used to study the response of a piezoelectric smart structure for the cabin noise problem. The shape of the acoustic cavity is cubic and one side of the cavity is covered with a plate structure on which a disk-shaped piezoelectric actuator and sensor are mounted. Plane wave noise is incident on the plate structure from the outside of the cavity. The finite element method which uses a combination of three-dimensional piezoelectric, flatshell and transition finite elements was adopted to model the piezoelectric smart structure. The modal approach was used to represent the pressure fields in the cavity and by invoking the orthogonality of the mode shapes, the interaction force on the structure caused by the pressure in the cavity is included in the finite element equations. The simulations of a closed loop between the piezoelectric sensor and actuator, for example, displacement feedback or velocity feedback, are available in the finite element modeling.
Without any activation, the pressure fields in the cavity were investigated. To prove the validity of the proposed finite element approach, a comparison with a commercial elasto-acoustic analysis package is made and it shows a good agreement. Thus, the proposed approach is found to be useful to model the piezoelectric smart structures for cabin noise problems because it can reduce the computation time. Based upon this approach, therefore, an optimal design of these structures for the cabin noise problem can be possible.
When the sensor signal is returned to the actuator via displacement feedback, the average pressure at a certain zone in the cavity is remarkably reduced. To confirm the feasibility of piezoelectric smart structures in active cabin noise control, more research regarding the effects of size and location of actuator and sensor, and an experimental verification is necessary. 
